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ABSTRACT 
A result of Sperner [l] determining the maximal number of subsets of a given 
set, such that no one is included in the other, has been generalized and strengthen- 
ed modifying the restrictive condition by Erdds [2], by Katona [3], and Kleitman 
[7], and by others [4,5]. A different kind of generalization has been obtained 
by de Bruijn, Tenbergen, and Kruywijk [6] using the same restrictive condition 
but for more general entities than sets, namely, for systems in which the elements 
may occur more than once. That approach is fundamental for number-theoretical 
considerations since the totality of prime divisors of a given number (each 
considered with its multiplicity) is of that nature. In this paper we will generalize 
the results of [2] and [3,7] in the sense of [6]. 
1. INTRODUCTION 
In this paper we will use the notation {a, b,..., c} for sets, assuming that 
distinct symbols represent distinct elements. Consider 
(i) a set E, I E I = m and n of its subsets Al, AZ ,..., A, . 
Consider also the following conditions: 
(ii) Forno{i,j}C{1,2 ,..., n}:AdCAj. 
(iii) For no {ir , is ,..., iL+,} C (1, 2 ,..., n> : Ai1 C Aip C *.* C Ail+r . 
(iv) IfE=H,uH,,H,nH,= m,IH,~=m,>jH,~ =m,and 
(01, /3) = (1, 2) or (2, 1) then for no {i,j} C { 1, 2 ,..., n> : H, n Ai = H, n Aj 
and Ho n Ai C HB f~ Aj . 
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Sperner [l] considered (i) such that (ii) holds and proved that then 
(1) 
ErdGs [2] considered (i) such that for fixed I (iii) holds and proved that 
then 
n < sum of the I largest binomial coefficients m 
i ! i ’ (2) 
Katona [3] and Kleitman [7] considered (i) such that (iv) holds and 
proved independently that then 
Both above results are generalizations of Sperner, indeed (1) is obtained 
from (2) putting in (iii) I = 1 and (1) is obtained from (3) putting in (iv) 
m2 = 0. 
Another possibility for generalizing theorems like (I), (2), or (3) is to 
consider more general entities than (i). It was done in [6] for (I), namely, 
the authors considered: 
(i’) a natural number N having m prime factors (each counted with 
its multiplicity) and 12 divisors of N : dI, d, ,..., d, satisfying the 
condition, 
(ii’) for no {i,j) C {1,2,..., n} : di divides di , and proved that then: 
II < number of divisors of N having [m/2] prime factors. (4) 
This result is also a generalization of Sperner, since for square-free N, 
(4) becomes (1). 
Results (l), (2), (3), and (4) are best possible. 
We will establish in this paper generalizations of (2) (see Theorem 2) 
and (3) (see Theorem 3) in the sense of [6]. 
2. THE SYMMETRIC CHAIN METHOD 
Although the result in [6] is purely combinatorial, the authors used 
“for the sake of a simple terminology” an arithmetic language. Henceforth 
we will adopt the same language. Nevertheless Theorems 2 and 3 are 
purely combinatorial. 
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We will use the notation: Ni 1 NZ for N1 divides Nz and (N1 , NJ for 
the greatest common divisor of Ni and N, . 
DEFINITION 1. If N is a natural number and N = p>& ... piv is its 
canonical factorization, then the sum h, + h, + .*. + h, is called the 
degree of N and will be denoted by m. The number of divisors of N with 
degree k will be denoted by Sk(N), putting SO,(N) = 1 and Sk(N) = 0 
if t < 0 or t > m. In that notation tn is pointed out only for convenience. 
DEFINITION 2. A sequence of natural numbers a, < u, < ..* < ah is 
called a chain of length h if ai 1 u,+~ for i = 1,2,..., h - 1. 
DEFINITION 3. A sequence dl , d, ,..., d,, of divisors of N is called a 
symmetric chain if it has the properties: (a) The degree of dl equals that 
of N/d, , and (b) for 1 < i < h the quotient di+Jdi is a prime. 
Result (4) is proved in [6] as a consequence of the following Theorem 1 
and Remark 1. 
THEOREM 1. The set of divisors of N can be partitioned in mutually 
disjoint symmetric chains. 
Denote by U the set of mutually disjoint symmetric chains obtained in a 
certain partitition. 
Remark 1. Every member of CJ contains a divisor of degree [m/2] of N. 
We will summarize further properties of U in the following remarks, 
consequences of Definition 1, Theorem 1, Remark 1, and the fact that, 
if d is a divisor of degree [m/2] of N, it is then placed in the “middle” of a 
certain member of II. 
Remark 2. If a member C, of U contains a certain divisor d of degree 
s < m/2 then C, contains at least m - 2s divisors of N of degree higher 
than s. 
For square-free N this result was obtained in [2] as a consequence of 
Menger’s theorem. Thus Remark 2 contains the lemma in [2] and is 
obtained without using Menger’s theorem. 
Remark 3. The number UL of members of U having length 
Z, (I = n2 + 1, m - 1, m - 3 ,..., I > 0) 
is 
(5) 
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For square-free N, (5) becomes 
(6) 
hence (5) contains a lemma of Katona [3], establishing (6). 
Remark 4. S;(N) = Sz-j(N). 
Remark 5. The sequence Sk(N),Sk(N),..., SL,l”‘“l[N] is non-decreasing. 
Remark 6. Many of the identities involving binomial coefficients may 
be generalized for the numbers S;(N). The following identity will be used 
in the proof of Theorem 3: 
If N1 and N2 are co-prime, of degree m, and m2, ml t m2 then 
(7) 
3. THE GENERALIZATION OF ERD~S'S RESULT 
As a generalization of result (2) we will prove the following theorem: 
THEOREM 2. Let N be a natural number and m its degree. Let D = 
(4 , 4 ,..., d,} be a set of divisors of N with the property that no subset of D 
is a chain of length I + 1. Then 
n ,< sum of I largest values S:(N). (8) 
Proof. The proof generalizes ideas of [2] and uses arguments involving 
remarks in Section 2. 
Let Sk(N), (i = iO , i,, + l,..., iO + I - 1) be the I largest values of 
S:(N). Then, by Theorem 1 and Remark 5, i, may be chosen in such a way 
that i, < (m - I + 2)/2. 
Suppose D contains some elements with degree <iO and let j < i, be 
the minimal degree of the elements in D. Then clearly j < (m - 1)/2 and 
thereforej + I < m - j. If Dj = {dl , d, ,..., dnO} is the set of all elements 
in D with degree j then by Theorem 1 each element of Dj is included in 
some element of U and each element of U contains by Definition 3 at most 
one member of Dj . Let C, be the member of Uincluding d, (v = 1,2,.. ., no). 
Then by Remark 2 and since j - I < m - j each C, contains a member of 
degree at least j + I. Let d,’ be the member of C, having degree j + 1. 
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Consider from each C, the portion starting with d, and ending with d,‘, 
thus a chain C,’ of length 1 + 1. 
By the requirement prohibiting chains of I + 1 not all the members of 
C,’ can be members of D. Let d,* the element of C,’ having smallest degree 
and being not an element of D. With D* = {dI*, d2*,..., d,*} and D’ = 
(D - DJ u D* we obtain a set D’, I D’ I = / D 1, of divisors of N, 
satisfying the requirement of Theorem 2 and containing only members of 
degree higher than j. Moreover, by that procedure, since j + 1 < i,, + I - 1 
no element of degree higher than i, + 1 - 1 will be introduced. We can 
repeat that construction until all the members of the resulting set have 
degree at least i,, . 
A similar argument shows, that we can replace the elements of D having 
a degree > i,, + I - 1 by elements with degree < iO + I- 1 without 
introducing divisors of degree < i, . 
In others words, to every set D of divisors of N satisfying the requirement 
of Theorem 2 corresponds a set D of divisors of N satisfying the same 
conditions and having the same number of elements, but containing only 
elements of degree g iO < g < iO + I - 1. 
This proves Theorem 2 and since the set of divisors of N of degree g, 
i, p g < i, + I- 1 does not contain a chain of length I+ 1 and contains 
~;:y S&(N) 1 e ements, the theorem is best possible. 
Erdos’s theorem is obtained from Theorem 2 when N is square-free. 
4. THE GENERALIZATION OF THE RESULT OF KATONA AND KLEITMAN 
As a generalization of result (3) of Katona [3] and Kleitman [7] we 
will prove the following theorem: 
THEOREM 3. Let N be a natural number of degree m and N = N,N, a 
decomposition of N in two coprime factors of degree m, and m2 , respectively, 
m, >, m2 . Let D = (4, dz ,..., d,} be a set of divisors of N, satisfying the 
condition that for no {i, j} C {1,2,..., n} either 
(9 (4 , Nd = (dj , NJ and Cd, , NJ I (4 , NJ 
or 
(ii> (4 , NJ = (dj , NJ and (4 , NJ I (4 , Nd 
holds, then 
(9) 
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Proof. The proof is essentially as in [3] but involves Theorem 2, 
symmetric chains, and identities on Sk(N). 
Observe first that, if 6, , 6, +*a bz is a chain of divisors of N2 and if we 
define for i = 1, 2 ,..., I, 
Gi = {(d, Nl) : do D, (d, NJ = bi}; 
then 
(a) for no h, k and i : g, , g, E Gi and g, I g, , 
(b) GinG,= 0 fori#J 
(c) u:=r Gi cannot contain a chain of length 1-t 1. 
For, the contrary of a is in contradiction with condition (i) while the 
contrary of b contradicts condition (ii) of the theorem. The contrary of c 
would imply according to b that two elements of the chain are members of 
the same Gi , in contradiction with a. 
In order to prove (9) consider a partition U of the divisors of Nz in 
mutually disjoint symmetric chains. Such a partition exists by Theorem 1. 
If b, , b, ,..., bl are the elements of a member of U having length I, then, 
by Theorem 2 and c 1 u:=rGi I < sum of 1 largest values of S:(N) there- 
fore, denoting L = {mz + 1, m2 - l,..., I > 0} 
Suppose now, for simplicity, ml , m3 and therefore also I + 1 are each 
even, thus m, = 2M, , nz, = 2M,, 1+ 1 = 21, . Then, as a consequence 
of (5) and Remark 6, (10) becomes: 
This proves the theorem. It is easy to see that it is best possible. 
Katona’s theorem is obtained from Theorem 3 when N is square-free. 
ACKNOWLEDGMENT 
Thanks are due G. Katona for calling my attention to paper [7] and for several 
suggestions and to R. K. Guy for other remarks. 
RESULTS OF SPERNER'S THEOREM 117 
REFERENCES 
1. E. SPERNER, Ein Satz iiber Untermengen einer endlichen Menge, M&h. Z. 27 (1928), 
W-548. 
2. P. ERDBS, On a lemma of Littlewood and Offord, Bull. Amer. Math. Sot. 51 (1945), 
898-902. 
3. G. KATONA, On a Conjecture of ErdSs and a Stronger Form of Sperner’s Theorem, 
Studiu Sci. Math. Hungau. 1 (1966), 59-93. 
4. A. J. W. HILTON AND E. C. MILNER, Some Intersection Theorems for Systems of 
Finite Sets, Quart. J. Math. Oxford Ser. 2, 18 (1967), 269-384. 
5. E. C. MILNER, A Combinatorial Theorem on Systems of Sets, J. London Math. Sot. 
43 (1968), 204-206. 
6. N. G. DE BRULJN, C. TENBERGEN, AND D. KRUYWIJK, On the Set of Divisors of a 
Number, Nieuw Arch. Wisk. 23 (1952), 191-193. 
7. D. J. KLEITMAN, On a Lemma of Littlewood and Offord on the Distribution of 
Certain Sums, Math. Z. 90 (1965), 251-259. 
